Let G be a profinite group with a countable basis of neighborhoods of the identity. A cohomology and homology theory for the group G with non-discrete topological coefficients is developed, improving previous expositions of the subject (see [Wi], [R-Z] and [S-W]). Though the category of topological G-modules considered is additive but not abelian, there is a theory of derived functors. All standard properties of group cohomology and homology are then obtained rephrasing the standard proofs given in the abelian categories' setting. In this way, one gets the universal coefficients Theorem, Lyndon/Hochschild-Serre spectral sequence and Shapiro's Lemma. Another interesting feature of this theory is that it allows to rephrase and easily prove for profinite groups, all definitions and results about cohomological dimension and duality which hold for discrete groups (see Chapter VIII of [Br]).
Complete totally disconnected R-modules
In this and the following four sections, we are going to carry over the algebraic preliminaries needed in order to define in a natural way cohomology and homology of profinite groups with continuous coefficients. As already mentioned, the categories of coefficients considered are not abelian, so one has to state and prove again all the basic results which naturally hold in abelian categories. Often, this is done just rephrasing definitions, results and proofs given in that context. Let R be a topological compact unitary ring, by Corollary 4.2.24 in [A-G-M] , R has a basis {I i } of open neighborhoods of zero consisting of two-sided ideals and R ∼ = lim ←− R/I i , where R/I i is a finite discrete ring, i.e. R is a profinite ring.
Proposition 1.3 Let {K α } be the set of compact submodules of a t.d. R-module M directed by inclusion, then M is topologically isomorphic to lim
Proof. From general topology, we know that a Hausdorff space which satisfies the first axiom of countability is compactily generated. In particular, a t.d. R-module M is homeomorphic to lim So it is enough to show that Hom R (M, N) is complete when N is a discrete R-module. By Proposition 1.3, M is topologically isomorphic to the direct limit lim −→ K α of its compact submodules. There is then a topological isomorphism
Since each Hom R (K α , N) is discrete and, of course, discrete spaces are complete, the proposition follows.
Remark 1.5 From the proof of Proposition 1.4, it follows that, in order to prove that Hom R (M, N) is a t.d.Ẑ-module, it is enough to show that a t.d. R-module is the direct limit of a countable family of compact submodules. This will be done in Corollary 2.1.
Proof. By Proposition 1.4, we know that, for M ∈ (Ẑ-mod) t.d. , the module Hom(M, Q/Z) is a Hausdorff, complete, topologicalẐ-module with a basis of neighborhoods of zero consisting of open submodules. Let us prove that it is actually a t.d.Ẑ-module. There is a countable tower {M i , ψ ij } of discrete torsion abelian groups and surjective maps such that M ∼ = lim Since a map from M to a discrete module must factor through M i for some i, there is a continuous isomorphism lim −→ Hom(M i , Q/Z) ∼ = Hom(M, Q/Z) and it is not hard to check that it is open too and then a topological isomorphism. The conclusion follows because each Hom(M i , Q/Z) is a profinite abelian group, so Hom(M, Q/Z), as the direct limit of a countable nest of t.d.Ẑ-modules, satisfies the second countability axiom and then is a t.d.Ẑ-module.
, one can then make of M * a topological left R-module defining for r ∈ R and f ∈ Hom(M, Q/Z):
Let us check that M * is actually a t.d. R-module. Let K be a compact subset of M. Then R · K is a compact submodule of M containing K and W (R · K, 0) is an open R-submodule of Hom(M, Q/Z) contained in W (K, 0). Hence Hom(M, Q/Z) has a basis of neighborhoods of zero consisting of R-submodules.
Definition 2.2 A sequence of maps of t.d. R-modules
The complex is strict if the maps f i are strict for all i. By Proposition 1.1, when Im(f i−1 ) = ker(f i ), the latter condition is automatically satisfied. In this case, we say that the complex (or the sequence) is exact. A functor is exact if it preserves exactness.
Since Q/Z is relatively injective, the functor * : (R-mod) 
Let N = lim ←− N j , with {N j , φ j,k } a tower of discrete R-modules and surjective maps.
From Theorem 6.4.7 in [Wi] , it follows
Proof. By Theorem 2.1, M ∼ = P * for some P ∈ (R-mod) t.d. . The t.d. R-module P is the inverse limit of a countable tower {P i , ψ ij } i,j∈N of discrete R-modules and surjective maps, hence {P * i , ψ * ij } i,j∈N is a countable nest of compact submodules of M and M ∼ = lim −→ P * i . By Remark 1.5, the second item of the corollary follows as well.
Corollary 2.2 Let f : A → C and g : B → C be strict maps of t.d. R-modules. Then the induced map f + g : A ⊕ B → C is strict.
Proof. By Theorem 2.1, it is enough to prove that (f + g)
Therefore the corollary follows from the fact that both f * and g * are strict.
A very important consequence of Corollary 2.1 is that strict maps of t.d. R-modules topologically are split: 
then one has also a topological isomorphism N ∼ = lim
are profinite abelian groups, from Proposition 1.3.4 in [Wi] , it follows that one can find a set of continuous sections {s i } i∈N of the maps {f | K i } i∈N such that s i+1 extends s i . Then
(ii): for a strict injective map i : M → N, let {K j } j∈N be a countable nest of compact submodules of N such that N ∼ = lim −→ K j , topologically. Then one has also a topological
and one can proceed as above.
On the other hand, it is clear that an injective map i : M ֒→ N, which has a left continuous inverse, is strict.
In (R-mod) t.d. , one has also a notion of topologically free module (briefly, t-free module). Let X be a closed subset of a module L ∈ (R-mod) t.d. . We say that L is the t-free R-module on X, if the following universal property holds: every continuous function from X to a module M ∈ (R-mod) t.d. can be extended uniquely to a map from L. The usual argument shows that there is, up to isomorphism, at most one t-free module on X. 
, hence it is a closed embedding too.
Let f : X → M be a continuous function in a t.d. R-module which is the inverse limit of a tower {M j , ψ ij } of discrete t.d. R-modules. Then f is equivalent to the tower of continuous functions {f j : X → M j } j∈N . Each of these functions must factor through a discrete quotient p j : X → X j of X and a function f
and, as we have just seen, also a natural map f 
(ii) On the other hand, if f : X → Y is either a surjective or strict injective function of prodiscrete spaces, as one can easily check, the map f * :
is not strict. Thus, the composition of strict maps in (R-mod) t.d. is not necessarily strict.
where f is a surjective map, there is a continuous map π ′ which lifts π. We say that the category (R-mod) t.d. has enough projectives, if every module in (R-mod) t.d. is a quotient of a relatively projective one.
Let us take R[[X]] for P in the above diagram. Since f has a continuous section s, there is a continuos function s • π : X → M and this defines a map
Remark 2.3 The category of profinite R-modules is abelian. By Corollary 2.3, it follows that it is an abelian category with enough projectives.
Pontryagin duality induces an isomorphismẐ * ∼ = Q/Z. More generally, we have
The functor * transforms relatively projective objects of (R-mod) t.d. in relatively injective objects. In particular, since the category (R-mod) t.d. has enough projectives, it also has enough injectives.
Proof. If π : P → M * is a surjective map from a relatively projective t.d. R-module P to the Pontryagin dual of M, then π
Remark 2.4 (i) The functor * transforms the abelian subcategory of (R-mod) t.d. consisting of profinite R-modules, in the abelian subcategory of discrete R-modules which instead has enough injectives. The smallest category, containing both of them, which has both enough projectives and injectives is (R-mod)
Therefore the t.d.Ẑ-module Q p is both relatively injective and projective.
3 The completed tensor product Definition 3.1 Let R and S be compact unitary rings, satisfying the first countability axiom. A t.d. R − S-bimodule is a Hausdorff, complete topological R − S-bimodule M which has a basis of neighborhoods of zero consisting of open submodules and satisfies the 2 nd countability axiom. We denote the corresponding category by (R − S-mod)
Proof. By Corollary 2.1, we know that M ∼ = lim 
All constructions performed on (R-mod) t.d. extend to (R − S-mod) t.d. . In particular, inverse and direct limits exist in (R − S-mod) t.d. for countable families and Hom R (M, N) has a natural structure of t.d.Ẑ-module.
Let M ∈ (R−S-mod) t.d. and N ∈ (S−T -mod) t.d. , then M ×N is a prodiscrete space and there is a t-freeẐ-moduleẐ[ [M × N] ]. ThisẐ-module has also a natural structure of t.d.
Let K be the closure of theẐ-submodule ofẐ[ [M × N] ] generated by the subsets:
Definition 3.2 With the notations introduced above, the completed tensor product of
The completed tensor product ⊗Ẑ will be denoted simply by ⊗.
Since there is a canonical map, with dense image, fromẐ
, we see that there is also a canonical map with dense image:
/K is the projection and we let m⊗n := π((m, n)) for each (m, n) ∈ M ×N, we see that the set {m⊗n|(m, n) ∈ M ×N} spans a dense submodule of M ⊗ S N and there are the obvious identities:
, a continuous function g : M × N → Q is said to be an S-bilinear map if it satisfies the following properties:
Otherwise stated, g is left R-linear in the first argument, right T -linear in the second and compatible with the S-module structures on M and N.
From the very definition of K, it follows that K < ker g * . Hence there is a map of t.d. R − T -bimodules, uniquely determined by g:
Moreover, denoting by θ : M × N → M ⊗ S N the S-bilinear map defined by (m, n) → m⊗n, the S-bilinear map g factors uniquely through θ and g ♯ . The completed tensor product M ⊗ S N is determined by this property. If we consider S-bilinear maps as the objects of a category, with maps given by commutative diagrams:
where f is a map of R − T -bimodules, then the S-bilinear map θ : M × N → M ⊗ S N is a universal object in this category. It is not difficult then to prove the standard properties of tensor products also for completed tensor products. 
bimodules, then there is a map of t.d. R − T -bimodules
f⊗ S g : M ⊗ S N −→ P ⊗ S Q, determined by f⊗ S g(m⊗n) := f (m)⊗g(n). Let M ∈ (R − S-mod) t.d. and N ∈ (R − T -mod) t.d. . The t.d.Ẑ-module Hom R (M, N) has a natural structure of t.d. S − T -bimodule defined, for f ∈ Hom R (M, N), by: (s · f )(m) = f (m · s) for all m ∈ M and s ∈ S, (f · t)(m) = f (m) · t for all m ∈ M and t ∈ T. Theorem 3.1 Let M ∈ (R − S-mod) t.d. , N ∈ (S − T -mod) t.d. and P ∈ (R − U-mod) t.d. .
Then there is a natural topological isomorphism of t.d. T − U-bimodules:
Proof. The above theorem is just the combination of two well known results. One is the adjointness between tensor products and hom functors (see Proposition 2.6.3 in [We] ), the other is the corresponding adjointness in topology (see Theorem 3.9 in [Hu] ).
If we let P = Q/Z in Theorem 3.1, we get
then there is a natural topological isomorphism of t.d. T -modules:
Definition 3.3 Let F be a covariant functor from (R-mod) t.d. to (S-mod) t.d. . We say that F is right exact (respectively left exact) if, given a short exact sequence of t.d. R-modules
is exact. Right and left exactness for controvariant functors are defined similarly.
Remark 3.1 We say that a functor F : (R-mod)
is strict when it preserves strictness of maps. From the above definition, it follows immediately that right exact functors are strict. 
where P i is a relatively projective t.d. R-module, i ≥ 0.
(ii) An injective resolution of M is an exact sequence:
where I j is a relatively injective t.d. R-module, j ≥ 0.
In order to define derived functors, we need the two basic results below.
Comparison Theorem 4.1 Suppose that for M, N ∈ (R-mod) t.d. we are given a projective resolution:
and an exact sequence:
and two such extensions differ by a homotopy. A similar result holds for injective resolutions.
Proof. The proof goes through exactly as in the context of abelian categories.
Horseshoe Lemma 4.1 Suppose given a commutative diagram:
where the column is exact and the rows are projective resolutions. Set P n = P ′ n ⊕ P ′′ n . Then the P n assemble to form a projective resolution P • ǫ → A, and the right-hand column lifts to an exact sequence of complexes
where i n : P ′ n → P n and π n : P n → P Proof. A strict map f : A → B gives rise to two short exact sequences
Taking projective resolutions of ker(f ), Im(f ) and coker(f ) respectively, by the previous Lemma, they assemble giving projective resolutions P • → A and P ′ • → B, which have the required property. 
be an additive left exact strict functor. The right derived functors R i G, i ≥ 0 are defined, choosing for any A ∈ (R-mod) t.d. an injective resolution A → I
• and letting
With the quotient topology, this is also a t.d. S-module. Let f : A → B be a map of t.d. R-modules, B → J
• an injective resolution andf
.
The proof that L i F (A) and R i G(A) are well defined up to natural (topological) isomorphism goes through as usual by means of the Comparison Theorem 4.1. Since F and G are additive functors, it follows that L i F (A) and R i G(A) are additive functors too. By Corollary 4.1, they are also strict. The proof that L i F (A) and R i G(A) form, respectively, universal homological and cohomological δ-functors (see Definition 2.1.1 and 2.1.4 in [We] ) proceeds as follows.
The long exact sequences, associated to a short exact sequence 0
are given by the long exact homology and cohomology sequences associated to the short split exact sequences of complexes provided by the Horseshoe Lemma 4.1
The naturality of the connecting maps δ is proven as usual (see Theorem 2.4.6 in [We] 
). In Proposition 3.3, we showed that Hom R (A, ), for A ∈ (R − S-mod) t.d. , is a strict left exact functor from (R-mod)
, is a right exact functor from (S-mod) t.d. to (R-mod) t.d. , so we can form the derived functors
Since the controvariant functor Hom R ( , B) is strict left exact and ⊗ S N right exact, one can also form the derived functors R i Hom R ( , B)(A) and L i ( ⊗ S N) (M) . As usual, this yields nothing new.
Theorem 4.1 There are topological isomorphisms:
Proof. Before proceeding in the proof, let us introduce spectral sequences in the context of t.d. R-modules. Let K • be a strict cochain complex of t.d. R-modules with a given decreasing sequence of closed subcomplexes
As it is shown for instance in § 4.2, [Go] , one can associate to such filtered complex a spectral sequence {E pq r , d r }. By the explicit description of its terms and differentials, one sees that each E pq r , with the quotient topology, is a t.d. R-module and that the differentials d r : E p,q r → E p+r,q−r+1 r are strict maps. Let us assume that the filtration on K
• is regular, then, letting E ∞ := lim r→∞ E r , there is a topological isomorphism
In this case we say that the spectral sequence {E pq r , d r } converges to H p+q (K • ) and write
between the respective spectral sequences. If both complexes have regular filtrations and for some r the map f * r is an isomorphism, then, by the comparison Theorem for spectral sequences, the same is true for the map on cohomology
strict map of first quadrant double cochain complexes, then the induced cochain map Tot(K
Proof. The first statement follows from Proposition 2.2, the second one is trivial.
Let K •• be a strict first quadrant double cochain complex with horizontal differentials d and vertical differentials δ, then Tot(K •• ) is a strict cochain complex with two natural regular filtrations giving rise to the spectral sequences
At this point we can prove Proposition 4.1. Let us prove i), then ii) can be proven likewise. Let P • be a projective resolution of A and I
• an injective resolution of B. By Proposition 3.3, the double cochain complex Hom R (P • , I
• ) has exact rows and exact columns. Moreover, there are double cochain complex maps from Hom R (A, I
• ) and Hom R (P • , B) to Hom R (P • , I
• ) (here A and B are considered as complexes concentrated in degree zero). From the two above spectral sequences, it follows immediately that both maps induce topological isomorphisms on cohomology. So, eventually, one gets
5 Hypercohomology
• is a first quadrant strict double complex, consisting of relatively injective t.d. R-modules, together with a strict chain morphism (the augmentation) A
• → I •0 such that for every p:
• The vertical maps induced on horizontal coboundaries and horizontal cohomology
Remark 5.1 It follows from the above two conditions that the columns A p → I p• and the vertical maps induced on horizontal cocycles
. . also form injective resolutions. Indeed, for all p, q ≥ 0, there are topological isomorphisms
and the horizontal differential d : I pq → I p+1,q is induced by the projection onto B p+1 (I •q ) followed by the embedding in I p+1,q while the vertical differential δ : I pq → I p,q+1 is the direct sum of the differentials δ ′ and δ ′′ .
Lemma 5.1 The total complex of a Cartan-Eilenberg resolution
Proof. The lemma follows immediately from Definition 5.1, Lemma 4.1 and a standard spectral sequence argument.
Using Horseshoe Lemma 4.1 and following the pattern of the proof of Lemma 5.7.2 in [We] , one can prove
Lemma 5.2 Every cochain complex A
• has a Cartan-Eilenberg resolution.
A homotopy between two double cochain complexes maps is defined in a way that it induces a homotopy of the corresponding maps of total complexes (see Definition 5.7.3 in [We] ). 
• be a cochain map and
The R i F are called the right hyperderived functors of F .
The spectral sequences of a double complex, which we considered at the end of Section 4, in this context become Proposition 5.2 There are two convergent spectral sequences
Proof. The first spectral sequence is obtained differentiating first by columns and then by rows. The second one differentiating first by rows and then by columns (see the decomposition of I pq given in Remark 5.1).
be two left exact strict functors. So that we have the commutative diagram (R-mod)
Grothendieck spectral sequence 5.1 In the above setup, suppose that F sends relatively injectives of (R-mod) t.d. to G-acyclic objects of (S-mod) t.d. . Then there is a convergent spectral sequence for each A ∈ (R-mod) t.d. :
The edge maps in this spectral sequence are the natural maps
The exact sequence of low degree terms is
Proof. Choose an injective resolution A → I • of A in (R-mod) t.d. , and apply F to get a strict cochain complex F (I • ). Take a Cartan-Eilenberg resolution of F (I • ) and form the hyperderived functors R i G(F (I • )). The second spectral sequence of Proposition 5.2 and item (iii) of Corollary 5.1 give Grothendieck spectral sequence.
Remark 5.2 The hyperhomology L(A • ) of a chain complex of t.d. R-modules A • is defined dualizing all the above definitions, lemma's and properties. There are hyperhomology spectral sequences and then a Grothendieck spectral sequence in a homology set-up.
6 Cohomology and homology of profinite groups Let G be a profinite group, i.e. a totally disconnected compact topological group. Let us assume, moreover, that G has a countable basis of neighborhoods of the identity. These assumptions on G are satisfied by profinite groups which occur in most of the applications and will be mantained all through the paper. The idea of restricting to groups satisfying the above separability condition comes from [M] , where a cohomology theory of topological groups with continuous coefficients is developed in greater generality.
The completed group algebra of G overẐ, denoted byẐ [[G] ], is a Hausdorff compact unitary topological ring which satisfies the first axiom of countability and then the conditions of Definition 1.1. For a profinite subgroup G and a t.d. G-module A, let us define:
• the invariant submodule A G := {a ∈ A|ga = a for all g ∈ G};
• the module of coinvariants A G := A < ga − a| for all g ∈ G and a ∈ A > .
Remark 6.1 The invariant submodule A G is closed in A because it is the intersection of the closed submodules ker(a → ga − a). Instead, the submodule of A generated by {ga − a| for all g ∈ G and a ∈ A} a priori is not closed. So, as module of coinvariants, one takes its closure in A. 
Definition 6.1 Let G be a profinite group which has a countable basis of neighborhoods of the identity. Then the cohomology and homology of G with coefficients in the t.d. G-module A are defined respectively by Universal Coefficient Theorem 6.1 Let A be a trivial t.d. G-module, there are, non canonically, split short exact sequences
Proof. One proceeds as usual. Let P • →Ẑ be a free resolution of the t.
. This is a chain complex of projective compact t.d.Ẑ-modules (each of them is a direct summand of a free compact t.d.Ẑ-module). The group G acts trivially on A. Therefore, there are natural topological isomorphisms:
At this point, observe that a compact t.d.Ẑ-module (i.e. a profinite abelian group) is projective if and only if it is torsion free (for its Pontryagin dual is injective if and only if it is divisible). Thus, a submodule of a projective compact t.d.Ẑ-module is projective. Therefore, the chain complex (P • ) G splits (non canonically). One then applies a standard argument (see §3.6 of [We] ) to conclude.
By Theorem 4.1, we can compute the groups H i (G, M) out of a projective resolution of the t.d.Ẑ [[G] ]-moduleẐ. A standard resolution used for this purpose is the so called bar resolution. For a complete description of it, we refer the reader to Section 9.8 of [Wi] . Using the bar resolutions, it is not hard to see that the groups H i (G, M) are given by the cohomology of the cochain complex, endowed with the compact-open topology, Remark 6.4 The exact sequences of low degree terms are respectively
Let ρ : G → G ′ be a homomorphism of a discrete group in a profinite group. The forgetful functor ρ ♯ from t.d. G ′ -modules to G-modules is exact. For every t.d. G ′ -module A, there are a natural injection A G ′ → (ρ ♯ A) G and a natural surjection (ρ ♯ A) G → A G ′ . These two maps then extend uniquely to the two morphisms of δ-functors:
